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1.2.5 William Brouncker (1620-16847)
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1.2.6 James Gregory (1638-1675) [1671]
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1.5.6 F.C.M.Stormer [1896]
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1.6.4 Kirby Urner [1995]
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1.7.1 Srinivasa Ramanujan (1887-1920)[1914]
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31)15_ o i Ry (n) -[12n+ (3 — V3)](2 — V3)*"*!'. Type A,N =9.

n=0
2 oo
3= > Ro(n)- (=1)"28n + (7 - 2v6)](V3 — v2)*"**. Type B, N = 18.
n=0
ﬁ—iR ) (5n+2) (2 Type Gs=1/6,N =14
47r—n:0 1/6 (I n o7 . ype G, s = y = 4.

15 = 4 \"
I—ZRl/ﬁ 33n+4)<125> . Type G,s =1/6,N =5.

4 n
R (11 1 . T F-1,N =3.
271_\/— Z 173 (n n+ )(125> ype k-1,

300 Type 0000 DOO0DODOODOODODOOODOODOOODODOOOODOO
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85V/85  — 4
R (133n + 8
o = 2 o )-8

85
"(20n + 3
—_ZR1/4 # Type E, N = 5.
> (=1)"(28n + 3) _
m[ ZRM D . Type E,N =9.

2 S (—=1)"(260n + 23)
—= Z R/ (n)- TRen . Type E,N = 13.

288 i R (=1)"(644n + 41)
1/4 722n5n

Type E, N = 25.

3528 —1)(21460n + 1123
=> Rip )-( )"( nt ). Type E, N = 37.

8822n

™
n=0

o Type D, N = 6.
9 (10n + 1)
—_— = R . Type D, N = 10.
271_\/5 Z 1/4 9 yp
49 40n+3)
R . T D,N =18.
31v/3 Z 1/4 (1 T ype L,

198 £ 280n + 19
n\/T_ZR”“ g Type D, N =22.

ooooDoO0oooDbooovroonnooooOon

9801 > 26390n + 1103
_Z 1a(n)  ————————

— = : Type D, N = 58. 1.12
o ogin yp (1.12)

1.7.2 J.M.Borwein, P.B.Borwein.

(a) 00D0O [34. 7003000000

L:i(—l)"(&z)! A+ Bn

(n)3@3n)l  Cnriz Type F-2, N = 427.

A = 212175710912/61 + 1657145277365,
B = 13773980892672v/61 + 107578229802750,
C = [5280(236674 + 30303v/61)]?.
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(a’) ()00000 [69,68]0

oo

Z "(6n)! A+ Bn
3(3n)! Cont1/2”

o
- 1271_ Type 7.

n=0

A= 212175710912\/ﬁ — 1657145277365,
B = 13773980892672v61 — 107578229802750,
C = [5280(236674 — 30303v/61)]°.

(b) OODOO [73). (O: 00000000000 U0DO0OOOODDOOOODOOUDOODOOODN)

1 & (=1)"(6n)! A+ Bn
Tor = 2 Gn)  onre

Type F-2, N = 1555.

A = 63365028312971999585426220 + 28337702140800842046825600 - /5
+ 384-1/5(10891728551171178200467436212395209160385656017
+4870929086578810225077338534541688721351255040 - v/5)1/2,
B = 7849910453496627210289749000 + 3510586678260932028965606400 - 5/
+ 2515968 - v/3110(6260208323789001636993322654444020882161
+2799650273060444296577206890718825190235 - v/5)'/2,
C = —214772995063512240 — 96049403338648032 - v/5
— 1296 - v/5(10985234579463550323713318473 + 4912746253692362754607395912 - v/5)1/2.

1.7.3 D.V. Chudnovsky, G.V. Chudnovsky.

ooooboD199600 UDoooooobooroOsonoooon

o0

R 3 (=1)™(6n)! 13591409 + 545140134n
127 (3n)!(n!)3 (6403203)n+1/2

Type F-2, N = 163. (1.13)

1.7.4 Jorg Arndt

OO0oO([75). (0: 000000000000DO00O0O0DO0OOODOOUDOOOOOD)

(a)

1 1 > (%)n(%)n(%)n A+ Bn
— = . . T F-3,N =190.
T 3. — n!3 Jn ype ’

A = 21242668516504965 + 15020834958518500v/2

+ 2\/5\/(45125096427586568251645610141659 + 31908261685643312902173585434250\/é),

B = 1839779353703421900 + 1300920456890691000v/2
+24337404+/10/(1142912476713024496667 4+ 808161162586491705750),

<
Il

3
71864175655 + 22725423252v/10 + 2808\/5\/ (261993316778681 + 82849561276216\/1_0)] )
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(b)

1 3 (D)nDn(Pn A+ Bn
; = Z 4/N ;BTL 1)n R X2n+1 . Type D(?),N = 862
n=0 :

A = [4521962731044058367634998271455136035/4+ 7993776278485234586059121251125632341/2
+12(17750127552909235203012377369182079345275390781190873870656491261057219

+1255123555958829884236839904476079251826408616374387198187634303258534\/5)1/2] v )
B = [9617761395088953485915444091307636106000 + 68007843023015886866162539734297821544001/2
+52003425600v/2(34204566586722903151731072537516469136640672047198830592963
+24186280981018566606552309811255775851849456510216830399522\/5)1/2} v )
X = 1670141896514232075 + 1180968660568974600/2

+2736\/§\/(372627201865017746341791564603 + 263487221293322577155951514850\/é).

1.8 AGMOOOOOO

AGM(O OO0 OO0 “Arithmetic Geometric Mean”) 00 0000000000000 00O0O
Square AGM OO 0O ay, b, 0 ay,3,0000000Quartic AGMO ay,,b, 0000 ag, = a2, B2, = b2
000000000000000000000000000000000

1.8.1 The Square AGM: by E.Salamin and R.P.Breant

00000000000000000000199900 200000000000000000000 [63,
64,6,36]. 700 5000000 P(27).

0000 ag:=1, b:=1/V2,
b
Gp41 = M; bni1 := Vanby,

2
2 2
Ty 1= — Tnt1 , (lim a, = lim bn),
1-) 2%(af — b})
k=0
7= lim 7,. (1.14)
n—oo
oood
22n+4 _ 2n+1 2—(n+1)
7T—7Tn§7r ex;z)( Ul ) ooo00 m#—m, < 5 (m — )2,
a?, T
0o000o000DO00DO0o0DOoooooooooooDooon
0000 ag:=1, by:= 1/\/5, to :=1/4,
an+b
Up+1 = (n72n)’ bn+1 = v/ apby, tht1 =ty — 2"(an — an+1)2,
2
= lim 7(an+bn) .
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00 (1998/3/1): 000D O0D0DO00O0O0O0D0O000000O00OO [49]0

D000 a :=24+V2)/4, b =27 1 :=(2-1)/8,

an+0b
Up+1 = (n72n), Y= (a'n—i-l - bn)2a tnt1 ==ty — Qny, bn+1 =
2
= lim M‘

1.8.2 The Cubic AGM: by J.M.Borwein and P.B.Borwein

0DoOoo [73). P(3").
0000 ao:=1, by:=(V3-1)/2,

an + 2b, 3 bn(a% + anby + b%)
An41 = T; bn+1 = 3 ’

3an+1 (
1- Z 3*(af — aj)

7= lim m,.
n— 00

lim a,, = lim b,

T = )
n—00 n— oo

oboooooboooobooboonogd

0000 ag:=1, by:=(3-1)/2, to:=1,

2b by (a2 b b2
Ung1 = W_Tn; byt = \3/ n(an + anbn + n), toit i=tn + (3n+1 .

3
3a?

T T (- 3a)

1.8.3 The Quartic AGM: by J.M.Borwein and P.B.Borwein

0Dooo (6, p.17). P(4").
0000 ag:=1, by:=24,

P S N L0 Cr el )
n+l -— 2 9 n+1l -— 2 9
2a . .
Ty = b2 , (lim a, = hﬁm bn),
1-2 Z4’v s + % 0k y2)
= lim m,.
n—r00
oood
T < m24nt2 exp4(—7r22”+1) ‘
aOO
ooo

19
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1.9 BorweinOUDOUDOOOODOOO

000000 JM.Borwein 0 P.B.Borwein 000000000000 a(n), A*(n), m(n) 0000000
041000000000

1.9.1 0000 (1)

0000 z0:=V2, m:=2+V2, y =24

1 1
Tp41 = 5(\/1'11 + =
Vdn

U E N

yn+1 -—

), (n>0)

yn +1 ’
T, +1
= T >1
T T 1yn+17 (n_ )
= lim 7,; (7, > mTp41 > 7). (1.15)
n— 00
JddOn>000000
3 7
§(yn+1 - '757L+1) <7mp—m< Z(yn-‘rl - xn+1)-
oood
7Tn+1—7r<<1—0(7rn—7r)2.
n>2000000
_on+l
T, —m < 10 .

0000000 2000000007050000000000 [6].

0000000000000 U0oOooUooOoooooooO [36)].

ap :=V?2, by:=0, po:=2+V2,

B s 7=) y . Van(L+by)
n+1l -— 2 9 n+1l -— an ¥ bn 9
L Prbpy1(1+ ang1)

, = lim m,. (mp > Tpp1 > T)

Prt1 = 1+ bn+1 n—00

1.9.2 0000 (2)

D000 gy :=1/vV2, ap:=1/2,

vl (L + Y1)
n = y  Qp = n
Yy +1 1 + m +1 Yy +1

T = nan;O 1/ay,.

2 1
an] - 2n+ Yn+1,

o000 200000000v706000000

20



gbooobooboobgoooaoboo

ap :=a(r), ko:=A*(r),

1—+/1—k2
kn+1 = 7”, Optl = (]_ + kn+1)2an — 2n+1\/1_“kn+1,
1+ k2

(r>0)

n:nlgrrgol/an.
0000 r2»>1000000

0<a,—1/m<16-2"/rexp(—2"/rr).

1.9.3 0000 (1)

gooood
ap :=a(r), mg:=m(r), r>0
Y (m2 —1)+1]? 3 n S5+ 25, —3
Mp+1 [ ( ) ] ) n — Apt1 = S%Oén - 3 \/F%a
My mpy 2
ﬂ:nlingol/an.
0000 r3?2»>1000000
0<a,—1/m<16-3"/rexp(—3"/rm).
O0000000000000003000000Dooooo (6]
1.94 0OO0O0O (2)
0000 ao:=1/3, so:=(V3-1)/2,
_ 3 . TTH-l_l .2 ne.2
n+1 —W, Sp+1 = T, Apt1 = Tn+104n—3 (T‘n+1—l),

= lim 1/ay,.
n—oo
gooo3ooooooon

1.9.5 0O0O0OUO

oooob0ob0ooooboobooogoboonoo 20000000 0b0oboOoOobDOon

0000 yo:=v2—1, ap:=6—4V2,
1—1—y,
Yn+1 =

— 7 Ony1:=[1+ Y] — 223 1+ +y2.,),
14+ 4/1_y%‘ n+1 [( Yn+1) ] Yn+1( Yn+1 yn+1)
= lim 1/ay,.

n—o0

(1.16)
000D04000000007003000000000000000000000000000 6]
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ap :=a(r), yo:=VAX(r), (r>0)
=1 -y}
ST

0oooo 42y >1000000

ant1 = 1+ ynr1) an — 4"yt (1 + Y + Yni1)-

0<a,—1/m<16-4"/rexp(—4"\/rr).

oooooboooboOo 400000000
00 (1998/3/1): 00O0O0OU0UOOO0OOUOOOUOOOOOOOOOUOOOOOOOO (490

0000 ao:=6-—4vV2, yo:=17—-12V2,
2z
1+(1_yn)71/4,

wi=(142yn1 + )% apyr = aqw = 22" (w — (1 +0)?),

Ynt1 =1 b= Ynia,

= lim —.
n—o00 Yp

1.9.6 0000 (1)

D000 so:=5(W5-2), ap:=1/2,

Y + VY2 — 4X7)
2 )

X::i—l, Vi=(X-1247 Z:= i/X(

Sn
25

Sptl = ———————,
T e (Z+ X 1)

82

-5
Uni1 = S2an — 5" "2 + V/sn(s2 — 25, +5)),

T = T}erolo 1/an,.

0oOo r5?»>1000000
0<a,—1/m<16-5"/rexp(—5"/rm).

obooobooboooogosgbooooobrbo3000oboOoo

1.9.7 0000 (2)

OO0000000D00 D.HughesOOODOOOOODO

O000ap :=a(r), wug:= A*(r), (r>0)

00w, OOOOCOCCOOOOOCOCOCOCOO
U?z+1 — up, = 5(unupi1)*(up - Ui+1) — dupup [l = (upng1)'] = 0.
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gooooooooooon
. 5 e 9,5 2 2
Tp 2= 2UnpUpi1, Yn = 2UpUnil, Gp i= Uy + Uy g + 2,
b, = SU% + ufH_l = 2Yn,  Cp = Gy /by,

d. = (1- U%+1)[5(U%+1 + @) + cn(yn — U%H)]

n = +
4a,,

(1- U%)[U% + Tn + 5¢n(Yn — U%)]

4b,,

_|_

goobooooooa
Ant1 7= 5Cnan + 5"/ (dy +ud ) — cpul).
0000 -7 >1000000
0<a,—1/m<16-5"/rexp(—5"/rm).
Jooooboboooooosobobobobooon

1.9.8 0O0O0OU

gogooo
0000 ap:=a(r), wuy:= Ax(r), r>0.
b uw, 000oo0oooobooboong
(1—up)(1 - U§L+1) = (1 — uptint1)®.

gboooboooboobgo

_ UnUn+1 _ TUpUnt1
ap = —————a—, by =
UnUnt1 — Upig Uy, — UpUn41
1—ud 49a,, — b,) + (1 — ud) (s, — 1)b,
Sp = bn/ana ty = ( n+1)( ; ( n)( ) .

gooboooooog
Qi1 = Spp + 7"V (T — 55 — t).
0000 r?»>10000000
0<a,—1/m<16-7"/rexp(—=7"/rr).
0000000 00O0O0O0oOo70o0oOoU0oOoOooOoooo [6).

1.99 0000

0000 ao:=1/3, ro:=(3-1)/2, s0:=</(1—7d),

27(1 2
t=1+2r, u= I (l+r,+r2), v==t+tu+u’ m:w,

— 2n—101 _ _Q —rn)® — 3/1_ 43
Qpt1 = may, +3 ( m), Spt1 = 7@ 200’ Tptl = Syl

T = nan;O 1/ay,.

oooooooooooon
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1.9.10 0000 (QOODO)

boooboooooobboooooboan

(a) 0OOO [76,p.11]. P(2").

4 2n71

My, = ,  Qp = Mp_10p—1 + 1—mp_1),

n 1+\/(4_mn_1)(2+mn_1) n n—1Un—1 3 ( nl)
= lim —.
n—00 Ay,

(b) OOOO [76, p.14]. .
Qp = 3 s1 =2,
(sn)2 + (sfl)2 =1, (1+43sp)(1+3s;_1)=4, an,=(143sp)an_1 — 2n s,

. 1
= lim —.
n—00 Ay,

(c) OOOO [76, p.17]. P(4™).
p i= %, S1 ::\/5—1,

n

4
(Sn)4 + (s, )4 =1, (1+3s,)(1+ 33271) =4, a,=(1+ Sn)4a"—1 + ?(1 -1+ Sn)4):

7= lim —.
n—00 Ay
(d) 0DOO [76, p.19]. P(3™).
_1 _V3-1
Ap = 3, S1 ‘= 2 5
(5,2 + (552 =1, (142s,)1+2s5 )=3, a,=(1+5,)an 1+ —4-3"2(1+5,)sn,
1
7w = lim —.
Nn—00 Ay

1.10 0O0OO0O0O0O0O0

00 1998/4/90000000000000000 Applied Mathematics Letters O O O
2 00 _1n2n

W_:SZ =0" ) )

2 7416720 + 1)2

00000000000000000000000O0 (300 (1.2)00000

16— 31 i ™)
768 4 (n+1)(2n+5)25+n°
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1.11 0O0O00on

oooo (9, p.261], [6, p.385] 00 O

™3 - <1
:Z 2 :Z n
9 n:ln(n) n:an(n
00 nan 27‘(’2 oo 3n oo n+1
T+3= . == )
S 5 TXwey TN mm e iED
4r O L ) 177t &1
F3=Y an oY Gt BT L e
\/g n=1 (zn) 3 n=0 (2n + 1)16 3240 n=1 TL4 (zn)
G 0O CatalanO0 0O 0O
o0 o0
—G——lo (2+3) = . G=
> 1
Q—Z + :
4n+1 n+ 3
00 1999/3/3 0000000 [25, p.108) 000
7;) (2n+1) 2n+3))2-
ﬁ_@_i !
4 144 Z(n+1)(n+2)(n+3)°
3r3V2 1 1
T\/_:Z(_l)n + .
128 = (dn+1)3  (4n+3)3
00 1999/3/6 0000000 [75, p30]
4_+12 22 32 42 5?2
T 3+ 5+ 7+ O+ 11+
6_1 1 12 1.2 22 2.3 32 3.4 42
72 -6 I+ 1+ 1+ 1+ 1+ 1+ 1+ 1+

2_ 2yt s

T T3E5E TE oF 11t
00000000000000000 0s000000000, ¢4, =00000

n(2n — 1)
tn = (5 3 tn )
GntDEnt s (O3 )
s = 341,
T = lim 7.
§—00

n+1

< ot
2y )
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1999/3/6 00 00 Ramanujan(?) 0000 [75, p32].

B — (n!)? T 1 1
”_3‘/57;(271)!%‘ 3—\/3_5_2(3n+1)(3n+2)'

n=1
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20 HOootdbotd

2.1 Johann Heinrich Lambert (1728-1777)
0000 3, p.189].

L3 .2 333 .35 103993
1 70 T 1060 0 1130 7T 331027

2.2 Srinivasa Ramanujan (1887-1920)

0000 [2, p.255).

19 7. V3 99 7
=V o r = (1420 mE s ———
T= 16 7. 0w 3( + 5) =20 T 373
2
L83 1T4+15V5 9 \[ 92+g p o 385 0.0003
25 7+15V5 5 3533

.24 10 + 112 10 + 72 C12
W:ﬁlog(\/ 1 +\/ 1 ) ﬁ:mlog((2ﬂ+10)(3+\/ﬁ)).

00 1999/3/60000000 [75]. p22.

T =

\}%log(\/ﬁ+2). = — \/m

wﬁ\/%Tolog<(f+2)(f+3)(5+2\/_+\/ \/_+61)>

- \/%log<256\/_(\/_+5) (11\/6+5\@)<\/5+3\/6+\/§ 3+x/6>3>.

00 2000/3/1900000000000000000000O0O0O0OODOOOOOOO

log< f(\f+2)(\/_+3)>

e™163 = 262537412640768743.99999999999925 - - -

gboboobOobooooobobooboobooooboboooooboooboon

log(262537412640768744)

= 3.14159265358979323846264338327972 - - -
V163 B
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23 OOOoOoon

0000 [2,p.87)

9 + /45 13+/146
r=v10. 7=18+3V02= +5\/_. T

. 13V146 | 7 . 501+ 8010 ;{1/ T, 516, 1T,

= 0.45
ﬂ'i3+M 7=v2+vV3. 7=+51-4.

10
_ 5\/32+62+132+152 5 [439 _ (\/30+\/150)2
m™ == . m™ == . m=\—— ) .
32 +62 + 132 + 82 2V 278 10
[-14+ 5
™= (20057 +V0.1))%. 7=4 %[ T=14+V15-V3.
: : V3
=4(V6—-v2)—1. 7=3+/13-12. TE4- S5

2 1 \/2 /
71'—3-{—\1/—0_ = 0+ v299 13—!———2\/_

T=V1.32+286% 7m=12142423% 7 =3. 14%01(115

10 1000 001, 0.1
S804 g=31d——— 3144~ (14—
T=3 s mES ey TES M goa (It ).
0.01 1 3.142 + 50 p 3. 17
=344 o (1 —— Tl Y KL ST AT R
m=31 4 el o) T 314 6 =V
T 1 1 T 17
— = 22tan ' — ! .- =3
1 fan™" og Tt o 17 0120
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030 tan~'O00O0

0000000000000000000000000tan™' 0000000000000 OO0OOOODO
000000000 MachinOOOQOOGQOOOQOO
Z:tanfllzéltan*l%—tan*lQ—gg.

0000000000000 0tan' 00000000000

197000 0000000000000000000000000O0 tan~' 0000000000

O00OO0O0OOO0E.Salamin O R.P.Breant 000 (1.14) 0 BorweinO0O O 4000000 (1.16)000 «
00000000000’ 00000000000tan' 0000000000000 O0O0O0DOOODOO
dooooodoodoodooooDoooooDooooonoooononD “codboo0ooooag”»ooo
ooooooooooooooog

00000t '000000000000000O00O0000O0OO0O0O0O0O00O0O0O0O0O00000

3.1 oo

gooooooooo
™
t —)=1.
an(3)

00000000 tan~'00D0DOO

iy
tan™'1==.
an 4

O000tan™' 0000 Tayler 0000000000000 ODOOO0O00000O0Otan~'1000000
/40000000
000000Otan '10000000000000000000000000O0000 MachinOO0O
(1.6) 0 O Klingenstierna 00 0 (1.8) 00 000'000000000000
tan—'(1/2) 0000000000000 Tayler 00000000
1 <« (=»m

tan™! — = P 3.1

ey 7;)(2n+1)a:2”+1 (3:1)
tanflllilx:lDDDDDDDDDDDDDDDDDDDDlDDDDDtanfl(l/x)DDDDDDDD

00000000 NOOODONOOOOODDODODOO107'0000000000000000000
0000 NOOODDODOOO
1 (=Y
100 7 | (2N + 1)a2N+1
0000000000 1000000002:000000 NODOOOODDOOOOOOODODOOO
tan 110000 z=10000N00 (10190)/20000000 MachinO OO (1.6) 0O tan 1(1/5)
ONOOOOOOOOO 71600000tan"1(1/239)00 2100000000 9260000 0tan" 110
(10190 /20 0000000000000 00000000DO00O00
lgooooooo0o0000 3400000

> ‘ . (3.2)

29



Ugbdz0000000D0O0DOO0DOO0DOOO0DOO0DODOOD.DO0DO0ODODODOOOOOODOODOOn
0000000000000000000000000000002147470000020

0000 3.2)000ooooo

ooOoleg,00000O0C0OCOCOCOCOOCOCOOCOOOO

[ <logp(2N +1)+ (2N + 1) log;, . (3.3)

r=100000log,1=0000000

!
N:%—l. (z=1)

O000002z#100000000000000000 2>2000 log;,(2N+1) < (2N +1)log;qx
000 log,,(2N+ 1) 000000000000 OOOUOOOOOOOOOO

.05l
~ logyg

x> 2) (3.4)

gboooobogo

3.2 0O0on

tan~!(1/z) 0 Tayler 00 (3.1) 00000000000000000000000 Ay, B, Cy, Dy, Bl,
¢, S 00000006000000000

() OOOOCOOOO0O 20000000

Dy =2k +1), B;c =-1, C’;{: = { ; tan~! i = khm Sk

(b 00D0O0O0O0D 1000000000 DO0O0OODOO0

Av=1, Bp=-(2k+1), C {m F=0 L~ im s

=1, e , = y an — = 1m .

‘ ‘ FTl@E+ D22 (0< k) T hbeo

(¢) (0000000 O(M?)00000000000000000000 tan~!(1/z)0000000
00D, 00000000DOO

3.3 tan 00000

tan~! 00 0000000000000D0DODOOOOOO0O00D00000000O0O0O0 35000000
00 [32,1000000000000000O00OOO 6000000000000 DOOOOOOOOOO
R 0000000000000D 200004000000000304050600000000000
O00000000000000oO0o2000000400000000000000000 [37]0

goooooobooo

e tan }(1/X)0 a(1/X) 000000000

232bit CPUODOD COO0D0O00000000000000000000000000 32bit/16bit 00000000000
16bit 000 100 40000000232/10% = 2147480
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031:200,040.

n| k| (n/4)k [PrimeList)
9256 | 1 | +4a(1/5)-a(1/239). | [13]
16396 | 1 | +2a(1/3)+a(1/7). | [5]
92526 | 1| +2a(1/2)-a(1/7). | [3]
27089 | 1 | +a(1/2)+a(1/3). [5]

0 32:300,0001050000000.

nl| k| (n/4) -k [PrimeList]

8933 | 1 | +12a(1/18)+8a(1/57)-5a(1/239) . [5,13]

8946 | 1 | +8a(1/10)-a(1/239)-4a(1/515). [13,101]

9666 | 1 | +4a(1/5)-2a(1/478)+a(1/54608393). | [5,13,45697]
10187 | 1 | +5a(1/7)+4a(1/53)+2a(1/4443). [5,281]
10305 | 1 | +4a(1/5)-a(1/240)-a(1/57361). [13,57601]
10309 | 1 | +4a(1/5)-a(1/238)+a(1/56883) . [5,13,11329]
10374 | 1 | +4a(1/5)-a(1/241)-a(1/28800) . [13,113,257]
10382 | 1 | +4a(1/5)-a(1/237)+a(1/28322). [5,13,41,137]
10486 | 1 | +6a(1/8)+2a(1/57)+a(1/239). [5,13]
10555 | 1 | +4a(1/5)-2a(1/577)-a(1/1393). [5,13,197]
26611 | 2 | +3a(1/2)+a(1/5)-a(1/57). [5,13]
27746 | 1 | +2a(1/2)-a(1/5)+a(1/18). [5,13]
29300 | 1 | +a(1/2)+a(1/5)+a(1/8). [5,13]
29403 | 1 | +a(1/2)+a(1/4)+a(1/13). [5,17]

e n: 0000000000000 DDODODDDOOOD tan~'(1/2)0 Taylee 0000000000
o000 00000000000 OO0OO0O0O0OOD 340000000000 0OOOUOODOOO
tan~! 000000000000

e ‘' m/A0 KODOUDOODOOUDOOOODOUOOOO

e ‘(Primelist]: 000000000000 UOOOOUOOOOO 35000000000

3.4 OD00tan 000000

O00tan ' 00000000000 Otan ' 0000000000O0O0O0DOOOOOD

N

1k

ch-tan_lx— - f. (Cn,n, kO OO0 k,zn > 0,cp #0.) (3.5)
1 n

Machine 000 (1.6)D00000N =2, 2, =5, 20 =239, c1 =4, co =1, k=10000
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033:400,0003850000000.

nl| k| (n/4) -k [PrimeList]
7930 | 1 | +44a(1/57)+7a(1/239)-12a(1/682)+24a(1/12943). | [5,13,61]
8172 | 1 | +22a(1/28)+2a(1/443)-5a(1/1393)-10a(1/11018). | [5,157,197]
8554 | 1| +17a(1/23)+8a(1/182)+10a(1/5118)+5a(1/6072) . [5,53,373]
8900 | 1 | +12a(1/49)+32a(1/57)-5a(1/239)+12a(1/110443). | [5,13,1201]
8982 | 1 | +16a(1/21)+3a(1/239)+4a(1/343)-4a(1/27493). [5,13,17,181]
9000 | 1 | +16a(1/21)+3a(1/239)+4a(1/353)+4a(1/21637). [5,13,17,733]
9066 | 3 | +44a(1/18)-23a(1/239)+8a(1/682)-16a(1/12943). | [5,13,61]
9067 | 1 | +17a(1/22)+3a(1/172)-2a(1/682)-7a(1/5357) . [5,61,97]
9079 | 1 | +11a(1/14)+2a(1/443)-5a(1/1393)+a(1/11018) . [5,157,197]
9106 | 1 | +16a(1/21)+7a(1/239)-4a(1/616)+4a(1/3141). [13,17,101]
33328 | 1 | +a(1/2)+2a(1/4)-a(1/6)-a(1/327). [5,17,37]
33441 | 1 | +2a(1/2)-a(1/4)+a(1/8)-a(1/47). [5,13,17]
34127 | 2 | +2a(1/2)+a(1/4)+2a(1/5)+a(1/268). [5,13,17]
34233 | 1 | +a(1/2)+a(1/4)+a(1/8)-a(1/21). [5,13,17]
034:500,0001827230000000.
nl| k| (n/4) -k [PrimeList]
8268 | 1 | +44a(1/109)+95a(1/239)-12a(1/682)+24a(1/12943) [5,13,61,457]
-44a(1/6826318) .
8365 | 1 | +88a(1/114)+7a(1/239)-12a(1/682)+24a(1/12943) [5,13,41,61,317]
-44a(1/740943) .
8371 | 1 | +76a(1/114)+7a(1/239)+24a(1/268)-12a(1/247057) [5,13,17,41,317]
-32a(1/740943) .
8402 | 1 | +61a(1/72)-29a(1/682)-27a(1/1483)-7a(1/9932) [5,17,61,761]
-10a(1/29718).
37550 | 1 | +a(1/2)+2a(1/4)-a(1/5)+a(1/30)-a(1/242). [5,13,17,53]
37789 | 2 | +3a(1/2)+a(1/4)-a(1/6)+a(1/10)+a(1/2818). [5,17,37,101]
38034 | 1 | +a(1/2)+a(1/4)+a(1/6)-a(1/11)+a(1/438). [5,17,37,61]
38165 | 1 | +a(1/2)+a(1/4)+a(1/6)-a(1/12)-a(1/191). [5,17,29,37]
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0 35:600,00063418210000000.

n | k| (r/4) -k

[PrimeList]

8228 | 1 | +227a(1/239)-156a(1/2072)-276a(1/2943)+200a(1/11389)
-212a(1/16432)+100a(1/3970923) .

8319 | 1 | +322a(1/577)+76a(1/682)+139a(1/1393)+156a(1/12943)
+132a(1/32807)+44a(1/1049433) .

8398 | 1 | +127a(1/239)+188a(1/515)-120a(1/1068)+88a(1/41218)
-144a(1/173932) +88a(1/3539232) .

8424 | 1 | +322a(1/408)+76a(1/682)-183a(1/1393)+156a(1/12943)
+132a(1/32807)+44a(1/1049433).

[5,13,41,257,941]
[5,13,61,89,197]
[5,13,73,101,709]

[5,13,61,89,197]

43355 | 2 | +2a(1/2)+a(1/4)+a(1/5)+a(1/6)+a(1/28)+a(1/3583) . [5,13,17,37,157]
43453 | 2 | +2a(1/2)+a(1/4)+a(1/5)+a(1/9)+a(1/11)-a(1/5257). [5,13,17,41,61]
43849 | 1 | +a(1/2)+a(1/4)+a(1/5)-a(1/6)+a(1/23)+a(1/931). [5,13,17,37,53]
44298 | 2 | +4a(1/2)+a(1/4)-a(1/5)-a(1/6)-2a(1/12)+a(1/18543). [5,13,17,29,37]
3.4.1 tanO0O0OOO0O0OOO0ONO
0000 tan ' 0000000000 OOOOO
1 1
1 1 —* =
tan™! +tan~! — =tan™! (%) i (3.6)
T, Tp 1 F Zw—b
000000 tan_lDDDEIEI] U000 tanDOU0O0O0O0oOooooooooa
tan(A) £ tan(B)
tan(A + B) = .
an( ) = T+ tan(4) tan(B)
A=tan!'1/x,, B=tan 11/2, 0000000000000
1 1 tan(tan~! =) + tan(tan~! -
tan(tan™" +tan ' —) = ( - )1 ( — “1) i
Zq xp 1 ¥ tan(tan " ) tan(tan " )
tan(tan~}(X)) =X 0000
1 41
tan(tan ! +tan ! —) = f T,
Lq Tp 1 + ZI_I;
O00 tan~' 000000
1 1
1 1 =+ =
tan ! +tan ' — =tan"' [ Z—T0 |,
Lq Tp 1 . 7o
0000 tan~'000000O000OOODO
aoo
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000 (350 k=1000000000000000000tan"'1=7x/40000000 (3.5)0

al 1

ch-tanfl—:tanfll

n=1 Zn
0000000000000000 (36)000 tan" 1000000000 (35)0k=1000000
0000000k >200000000000000000k=20000

lim_tan(2T + n) = lim tan(2Z +n) = +
i, tan(g +m) = —oo, - lim tan( + m) = oo.

ooooooooooooooooooOoo0ooooDobOoOODO00dE>20000000D00O00000
goooooo

00 MachinOOO (1.6)D000000O0OOOOO

1
2 - tan~! 5 = tan~! <7

1 24’
10 10
1o, 10 240
4tan1—:tan1< 24 24 >:tan1—
10 10 ?
10,10 238
1 1 240 1 240 _ L 1
4-tan ' — —tan ' —— =tan ' —— —tan ' —— = tan" ! (238247239> =tan ' —.
0 1
5 239 238 239 1+ 20, L 1

an~'10000000

oo
34.2 OJ0O0O0O0OO0OOO0O
00000000000 DOO000O0ODO0OOEuer0ObDOO
exp(xi) = cos(z) +isin(z). (O00D0000 (3.7)
000000000 00 co0oooooooOooOoooooooOoooooo
exp((z + 2C7)i) = exp(xi).
000o0ooOooooo 3.7yoooo
part = = L C 3.8
an ogw+ +Cn. (3.8)
gooooooooobood
obooobooboobooooboooboobon
4 1 km
ch-tan — = (cn,zn, k0000 k,z, >0,c, #0.) (3.9)
— n

000000 (3.8)0000000ooooooogn

N
4 1 z
E cptan T — = = log
T 2

n

N Cn
sl =9 | o b
Hn:l (l‘n + Z) 4
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agoood
HnNzl(l“n —i) 2 km o) — km
HnN:1($n+i)C" i 4

UbboobO00expOOO0O0ODOO

log

= exp(—kii). (3.10)

gooooo
00000000000 0000O0000DOC0O0kmod4=10000000000
000000000000 (3.10)00kmod4=100000 — 0000

N  \Cn

Moy Z 0 _ (3.11)
[[hei (@0 + 1)

0 (311)000000 ¢, b00000a+bi0000

N

[I@n =) = a+bi.

n=1
0000000000 DO0o0o0oo00doDodod0De—-b0e0000O
N

H(mn +14)" =a — bi.

n=1
000000000 (3.1)ooooooooo
a+ bi
_ bi = —ila— bi).
p— i, a+bi i(a — bi)
do0o0dooonDoonode=060000
O0000O0kmod4=10000 (3.9)000000000000000OOOOOO0O

N
z= ][, —i)" 00000 RE(z) =—IM(2).

n=1

OO000000kmod4=10000000000004000000000000kDO000Kk+4,k+38
00000000000000000000000000000 (3900000000 O0oDooOoooo
gooOooooOooOoOoOoCO FortranODOOOOOOOOOOOOODOOOOO

000000 kmod4=0,2300000000000000000000O0000O

00 tan'00000ODO

N 1 km
EQfoL——:Zn(%JmkDDDDkﬁn>m
Ty
n=1

0oOoo0o0o0ooo
() z=[[",(z, —i)» 0000000k00000D00,00000000000000

n=1
kmod4=1 0000 RE(z)=-IM(2). (exp(—%ri) = —i)
kmod4=2 0000 RE(z)=0. (exp(—%ri) =-1)
kmod4=3 0000 RE(z)=IM(2). (exp(—kgi):i)
kmod4=0 0000 IM(z)=0. (exp(—%ri) =1) (3.12)
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(i) 000000000000 00000000000000000000CO FortranOOOOOOO
gbooobooboood

002000000000030
ooo

oot tan oo oooooboooooa
0 0 Klingenstierna 000 (1.8) DOOOON = 3, &y = 10, 22 = 239, z3 = 515, ¢; = 8, co = —1,
c3=-4, k=10000
1 i
228488 228488
RE(z)=-IM(z) 00000000

2= (10— (239 —i)"' - (515 —i)~*

1 1 by
1 - _tanl— — -l = o=
8 tan 0 tan 539 4 tan 515 0.785398 1

goo

3.5 tan'O000ODOOOO

00000000 [32]000Stérmer 000000000000 O0O0DODODOODOOOODOY 00000
gboooooooooobo

3.5.1 Stormerd 00O

Stormer 000 tan 00 0000000000000 0000000000000O0DOO0DOOOOO
(~;;00000O000DOO000OooOooO00ooDooOooobooOooOoOooDon
gboooboboooobooooooboboooobooobn

O0: FermatOEuler 00000 200002>000022+100000000000000
T 00000 1.
2?4 1=2"pf W pp® i = L a(s) DO,
ps 00OO.

goo

000000psmod4=100000000°0
000000000000000000 tan 000000000000 O0O0DOOOO0DODOO (32100
oooooo

300000000000000000 ()0000000000000000

‘000000000000000000000000000000000000¢tan™! L =tan~! A +tan™!
0oo (32,100

’S00000000000000000000000

psmod4=300000000000000

1
z24z+1 oo
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go

N 1 km
ch-tan’l—zf. (cn,zn, k0000 k,z, >0,c, #0.)
n=1 Tn
gooooooooooooood
T a(l, alz, a(s,
1422 = 2(1)-p‘1(ll)l-pg(m)l---pls( 1)\,
1422 = 27(2)_p\1a(1,2)|_p\2a(2,2)|___plsa(572)\,
r a(l,N a(2,N a(S,N
1422 = 2(N)_p\1(1 )I_p\2(2 )I,__p\s( i1y

r(s)0 00 10 a(s,n) 000000000000

N
> la(s,n)| >1, p,00000

n=1

oooooooooon
(i) (at(l) +cor(2) +---enT(N) + k) mod 2 =0.

(i) 00 e, 0000000ONOOOOODOOOOOOO

caa(l,1) + ca(l,2) +---eya(l,N) = 0,
ca(2,1) + ca(2,2) +--enva(2,N) = 0,
aa(S,1) +c2a(S,2) +---eya(S,N) = 0.

(i)
a(s,i)-afs,j) >0 0000 (x; —x;) modps =0,

a(s,i)-a(s,j) <0 0000 (z;+ ;) mod ps =0.
oo30000b00b00oad

goo

o0 oOoboooOobooboooboboooon

() 000000000 z000000002%2+100000000000000000000O00O00O00O0
gboooobogooog

(2) (1)0000000000000000 SO00000000’0
000000000000 p(0<s<S5)0000

(3) 00000000000 ps 0200000000000 x0000D0000OO0DOO p,00DODOO
gooboooboobooobooogooo

0:8=2000000p =50p,=281000000000000000200002(22+1=35),
3(324+1=2-5),7(T*+1=2-5%),53 (532 +1=2-5-281),4443 (44432 +1=2-5%-2812) 0 O
0ooooooon

‘D000000000000000000D0000000000 x000000000000000000000000C0O00
goo0ooooooooO0oO0o0oOooOoooooooobOOO0Ob0OO0Oz00ODOO0OO0OOOOO0O00O0O0O0OOODOODOOOOOOOO0O0O0
000000000000000000 200000000000000000«2+1000000000000000
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(4)

(3)000000«000000008+100000000 0000000000000 200
ONDODODOO(S+1>N>20)00000.00000000 (5)0(7)0000000

000000000000 50 281000000000 2,3,7,53,444300 7,53,444300000
00 (S=2, N=3)0 00000000000000000

5 (p1) 281 (p2)

7 (1) | 2 (a(1,1)) | 0 (a(2,1))
53 (x2) | 1(a(1,2)) | 1((2,2))
4443 (z3) | 3 («(1,3)) | 2 (a(2,3))

a(s,n) 000000000
00 (iii) 00 a(s,g) - afs,j) > 00000 (z; —2;) mod ps = 00 a(s,i) - afs,j) < 00000
(zj +z;)mod p, =00 000000000000000O0

000000000 p,0 a(s,n)00000a(s,i) 20000000 afs,i) 00000000 +0
000

000 «00000(zj —2;)) modp, =0000 a(s,j) 0000 —000 (2 +2;) mod p; =00
Oa(s,/) 0000 +0000

000000 a(1,1) =20 «(2,2)=10000 +000000

5| 281
7| 42 0
53 | £1(?) +1

4443 | £3(7) | £2(?)

000 00000053+ 7) mod 5 =00 (4443 + 7) mod 5 = 00 (4443 + 53) mod 281 = 00 0 O
0000000000000000

5 | 281

7| +2 0

33 | -1 | +1
4443 | -3 | -2

00 ()0 ¢, 0000000000 SOONOOOODOOODOOOOO

gooooooooNOODOOOOODODOOOODOOOO S=N-1000000DODOO0OO
OO0ON=SOO00000Rank0OOOO0O0OOOOOOOOOOOOOOOOOOOODODODODOO
ooboobooooooooood

oo
2c1 —ca —3c3 =0, 0Oci +c2—2c3 =0.

000D0000000000000¢t000000000000

c1 =5bt, ¢y =4t, c3 =2t
t=1000000000 ¢, =5,c0=4,3=200000000 k=10000

E:5tam—1l+4tam L+2tanl

4 7 93 4443
gbogobooboobooboobobooboobon
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- 00000000000000000000000000 (¢,=0)000 k=0000000
0 @35 000000000000o0

- 0000 (¢, =0)00000k=000000000000000

or _ tan* L 2tan ! L +tan ! !
4 47321 80782 275807

- 000000000000 0000000000000000O0OO000oO0oDO KU(ryooo
gboooobood

- 00000000000 ¢t=2000000000 ¢1=10,c2=8,c3=4000 k=20000

o 1 1 1

2T 10tan ! = + Stan~! — + dtan~t ——

1 an = otan C o dtan - oo

. QODO00020000000000000000tan-'0000 2000000000000

oboooooboo20000020000000000

_I = Ttan ! > + 3tant 3~ 4tan! Y 4tan! 5 4tan ! T
= 3(tan™! 0} + tan~! 5) +4(tan! 5 - tan—! - - - - = )

(7) 0000000000 3.12000000000000000000000000O0D0O0O0OOOOO
gooooboo

g

gooooobooooboooooooooooooooooboboobobooboboonDo
OO0 N=S=300000000000p,000 13,37,7300000 2000 5,265,2436 0000

524+41=2-13, 265°+1=2-13-37-73, 24362 +1=13%.37-73.

13| 37| 73
5| +1 0 0
265 | +1 | +1 | +1
2436 | +3 | -1 | -1

cl+c243c3=0, 2—-c3=0, 2—-¢3=0.

Rank 0 20000 00¢t00000000000O0O
C1 :4t, CQZ_t, C3:—t.
t=1000000000 ¢1 =40 =—-1c3=—-100000000k=10000

1 1
— =4t _1——t _1——t _1—.
T D YT

N

go
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3.6 tan 00O DOO0O

an~' 0000000000 OOOOOO.
Euler OOO0O0OO

Tayler OO0 ODOOOO0O0DOOOO

o0

tan~tz = Z

n=0

O Tayler 0O0O0OO (7.2) 000000000000 0O00OOOOOO.(0DDODOOO)

—1). g2n+1 00
ED"2™ qogn st
(2n+1)

n

Z (2n —|— 1) :r2”+1

1 T
tan " = 22
1+
3—2? + 3
2 5227
9 — 3z + 2.2
7-50 + —————
9— 72 +
oz 1%2? 3222 5222 72a? (2n — 1)%2?

1+ 3— 22+ 5—322+ 7—52+ 9— 722+  (2n+1)— (2n— D)z?+

L1 g 12 32 52 72 (2n —1)?

t = =
M T Py 32— 1+ 522 —3+ T2 —5+ 922 — 7+  (2n+ D - (2n— 1)+

OO000DO0O0O00 Taylee OOODOOOOODODOO

1
tan~ 'z =1z - 2F1(§,1;§;—:r2).

0000 780000 tan—l%mmmmxzmmmmmmm 163000 (1.11)0000000

o0

1)n2%n x? 2z 2
=Y O (it st o)

dn+1 4n+2 4n+3
n=0

0000o000ooooo@ooog)

1 T v 1222 2222 3227 n’az?
tan r = 55 = — . e
1°z 1+ 3+ 5+ 7+ 2n + 1+
1 + 22 2
x
3+ 5
3z
5+ . e
9+
tan-! 1 1 _ 1 12 22 32 n?
r N 12 2+ 3z+ x4+ Tz+ (2n+ Da+
x
22
3z + 32
o5x + 2z
T +
v 9z +
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040 Ramanujan[ [

000000000 Ramanujan! 0 6 00000 “Modular Equations and Approximations to 77 [66] O
O000o0000oooo0oDoooooooooooooooDoooon

9801 (4n)! 26390n + 1103
— . Type D, N = 58.
21\/2 nzz:() (") - (n)* 991 P
1 = (—=1)"(6n)! 13591409 + 545140134n
— = - Type F-2, N = 163.
127 7;0 Bn)l(nl)? (6403203)n+1/2 ype £s,

0000000 Ramanujan 0002000000000 1.7.1 0000000000000

Ramanujan 00 0000000000000 OOOOO0OOOOOO0OOOOOOOOOOOOOO
0000000000000 000o0ooDo0o00dddBorwein0 00000000 ODOOOOOOOO
gooooood

000000000000 000000BorweinOD 0000 “Piand AGM - A Study in Analytic Number
Theory and Computational Complexity” 0 0 0O 5.50 “Generalized Elliptic integrals and rational and
algebraic series for 1/m and 1/K” 000000000000 [6, pp.177-191]0 0000 [68], [75].

gooooobobbbbooboddoooooo b0 oooboobobooobooboon
OO00000000DoO000oooo0oooooooooooooog (0

4.1 0OO0OO0O0OO0OOO

Ramanujan 000 0000000000000 1.900000000000000O0O0OO0O [6]0
O00000kN,a(N),Gny,gy 000 NOOOOOOODDOOODOODOOODOOOOOODO30

Ramanujan 0000000000
gooobOooO0o0ooOOobOoooooOobDoboOobobooo re7rOOobbOOOOO

(%)n(% + S)n(% — 8 1

B =", W
2n 3
Ry (n) = <(272Ln)> - R1/6 (n) = %
Rija(n) = (4n)! Rijs (n) = (6n)!

Bn)l- (127 - nl)3”

!Srinivasa Ramanujan (1887-1920)
200000 Ramanujan type series / Ramanujan type formula. 0000000000
3000000000000 000000000000000000000000000000000
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gbooooboooog

Kk OOkUO 1OOOOOOOOOOOOO
11 ™ 11

™
K(k) ::§2F1(§a§;1;k2)7 E(k) ::§2Fl(_§,§;1;
™ 1 2 ™ 1
Ks(k) == §2F1(§ —8,5 +s;1;k%), Es(k) 52}71(_5 s,

K'(k) = K(k'). E'(k):=Ek). k + K
EK 4 KB — KK = . cos(7s)
s7s 578 ST 9 142s

oo

B2(q) == > "V G(q) = D ¢ Bula) ==

82(0) = 0. 63(0)=0. 6,(0)=1.

06,(¢)00D064(q)0 0000

1
a(N) = (; —4qV/'N - 0)

oo

S (-)mg

n=oo

24((1)> 03(¢)"*, 00 ¢q:=exp(—7VN).

( )—41(7(rk)2 W(%—l), 00 k= A\ (N).
Oéo(N) :a(N).
_ m  cos(ms) E (k) s
as(N)—Wm—\/ﬁ<m—l>, oo k‘—)\s(N)
AS(NYODOODOOOOOMNN) = A(N)D
K (A (V)
Kovavy) ~ VN N0

NoR gigi:(N)) = K'(\(CN)) 00 C, := 4cos(ms)t.

s(N) KA (CeN))’

2k
(ky)*

GXIIQ = 2k7Nk§V 9&12 =
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041: 00000 (1/2)

n a(n) kn(= A*(n)) ky, Ase(n)

1 1/2 V2/2 V2/2 V2/2

2 V2 -1 V2 -1 22 — 2 V2= V2/2

3 (V3 -1)/2 2-3/2 | V2+3/2 V=5+33/2
4 6 —4v/2 3-2v2 | 2V3V2-4 (9 —5v3)/18
5 - - - (25 — 11v/5) /50
6 ; ; ; V(2217 - 33 V/6)/500
7 (V7-2)/2 - - -

9 | 3-2V-9+6v3)/2 - - -

15| (V20 —10v3)/2 - - ;

00 1/m 0 1 -

gan =2gNGN. Gy = Gin. (gnGN)P(GN —gN) = 1/4.

S GE 1 (g 41y
’ 227G 2793

G, =20 (NXIN). (A (V)2 + (AL(N)? =1

m(N) = \/1+2v2G8, /G, D007

gbooobooboobgooooboo

Gy :<9%?v+92&2> = D (NALL(N). G2y = 32 = 200)5(N)AL 5(N)
1/4,N 1/4 1/4 : 1/3,N N 1/3 1/3 :

2
/ —24 "
gl = 1+ 1_G1/47N . )‘1/4(N)
2N — T oyk .
G1/142,N )‘1/4(N)

—12
9oN

1 ,
TaN) = ————. A} (V)= =22
a 1+ g5t a 1+ g5
V1= G =00 (N)? = (V)2 =1-2(\5(N))*.

() = 1—V1-G7* ) = 1++1-G;™
S 2 * S 2 *
VAR | v 2V 14gi*t =2
Asz—g_12 ) :—9_24 )

s s
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042: 00000 (2/2)

n G2 g, 2 m(n)0O0O7 JIn

1 1 22 V3+2V3 1

2 (2v/2 — 2)3/2 1 V6+v2-1 125/27

3 1/2 426 — 15v/3 | (1 +2'/3)2/V/3 125/4

4 | 4v/99v2 — 140 V2/4 - 1331/8

5 V5 -2 - V1+2V3+ 25 (5(1975 + 884+/5)) /27
6 - 3-2V2 - 1399 + 988v/2

7 1/8 - - 614125/64

8 - - - (125(26125 + 18473+/2)) /216
9 7-4V3 - - (399849 + 230888+/3)/9
10 - 1/(2 4+ /5)? - 5(24635 + 11016+/5)
00 0(?) 0(?) - -

4.2 Ramanujan [ 00O

ocooooo0oooboooooOoO0oooo0oobooOo0oOoobDOo0oooDOO0obDODOo0DOD Xy, Yo,

ZyO0OO0OOOOUOOOO0OOOOOoOooOOoOoOoooUuooooooOE4oooooooo
O00OO0D0DOD0ODO Type A,B,COO000O0OODODOOOOOOOOODODOOOOODODODODODDODOO
oooooo NOOODOOo

4.2.1 Type A
000 Type G,s=00000

oS Ro(m) (X(N) +n-Y(N) - Z(N)™, (N> 1)

™

Xy :=a(N) = VNk%, Yn:=VNy/1-Gy*=VN(ky)? - k%) = VN - 2k%),
Zn = G2 (4.4)

Ramanujan OO N =3,7, 15000000

4.2.2 Type B

L= Rom)- (X b Y) 2R, (N 22)

1+ k3 _
Xy :=a(N)/(ky)?, Yy:=VN (1 — kg) . ZN =gt (4.5)
N
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O 4.3: Type A

N Xy Yy VAS

2 3-2v2 8 —5v2 8/(5v/2 +7)

3 1/4 3/2 1/22

4 —28 + 20v/2 —66 + 48+/2 32/(140 + 99+/2)
7 5/16 21/8 1/8?

9 3(—45 + 26+/3) 61 —24 + 14/3 1/(7 + 4v/3)?
13 \/(~2850 + 793V/13) /2 6v/—234 + 65v/13 1/(18 + 5v/13)?
15 (-1+55)/32 (15 4+ 21+/5)/16 1/(28 + 12V/5)?
25 5\/2(—4935 + 2207v/5) 60/ —360 + 161v/5 1/(161 + 72v/5)?
37 \/ (—23073603 + 3793277v/37)/2 | 421/—32634 + 5365+/37 | 1(882 + 145/37)2

0 4.4: Type B
N XN Y Z%
2 1/2 2 1
3 —10+ 63 —24 +15v/3 16/(26 4+ 15v/3)
4 V2/4 3v2/2 1/8
6 177/2 — 361/6 —6+ 6v/2 1/(3 +2v/2)?
7 —296 + 112/7 —672 4 2557 64/(2024 + 765/7)
10 23/2 — 5v/5 30 — 12v/5 1/(9 + 4/5)?
18 177/2 — 361/6 210 — 84v/6 1/(49 + 20v/6)?
22 | —401/2 + 142v/2 —462 + 3302 1/(99 + 70v/2)?
58 | 68403/2 — 63511/29 | 74646 — 13860+/29 | 1/(9801 + 1820+/29)?
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O 4.5: Type C

Type BOODOODOOO NO 40000

N XN Y 73

1/2 1/2 2 1

3/4 | —104+6v3 | =24 +15v/3 | 16/(26 + 15v/3)
1 V2/4 3v2/2 1/8

4.2.3 Type C

Type BOODOO NDO 400000

—_Z ) (Xn+n-YN)-ZF, (N>3)

N | =

Xy = (a(N)—Tk%> [ky, Y =VN(Ey+(ky)), Zni=gin" = @Y gn-Gn) 2. (4.6)

4.2.4 Type D

000 Type G, s=1/40000000

—_Z Rijy(n)  (Xy+n-Yy) - Z3, (N >2)

W(N)ZZ' IRy, loasa(N/2) = RTE (N/2)2](1 + 1/2)
Xy =———F———9g =

1+ k% 4 7N cos(m/2) - Gl_/lfj\,/2 ’

- N/2, /1 -G
Yy = \/Jv (g}\? _gN12> = / G1/4 N/2
C

2 os(m/2) - G1/142N/2 ’

ZN

. 2 4kn (k)2
- gN + gN (1 + k'12\,)
Ramanujan OO N =6,10,18,22, 58000000

4.2.5 Type E

—=Z "Ry (n)- (Xn +n-Yy)- 224, (N >4)

a(N)Z VN o 1o G\ +Gy*?
Xyi=—22N YT Yy:=VN | N TN
VT e g e e 2 )
2 dknkly
IN = = . 4.
N GV —GN? 1—4(knky)? (48)

Ramanujan D O N = 5,9,13,25,370 00000
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O 4.6: Type D

N Xy Y Z%

4 V2/4 7V2/4 | 32/81

6 V3/2 44/3 1/32

10| 22 20v/2 1/3%

18 9v/3 1203 | 1/492

22 | 19v/11/2 | 140V/11 | 1/99?

58 | 2206v/2 | 52780v2 | 1/99*

0 4.7: Type E

N Xy Yy VAS
5 3/4 5 1/4
7 V72 (65v/7)/16 (16/63)?
9 9/4 21 1/48
13 23/4 65 1/182
17 (27 4+ 6y/17) /4 85 + 20v/17 1/(8(103 + 25v/17))
21 51/4+ 83 189 +112¢/3 1/(42 + 24/3)?
25 205/4 805 1/(72%-5)
33 (327 + 581/33) /4 1485 + 260+/33 1/(72(1867 + 325/33))
37 1123/4 5365 1/8822
45 1503/4 + 216v/3 7905 + 4560+/3 1/(1178 + 680v/3)?
49 2373/4 + 224/7 13041 + 4928+/7 1/(1296(5355 + 2024+/7))
57 (5619 + 746+/57) /4 33345 + 44201/57 1/(72(542267 4 718251/57))
73 (26819 + 31381/73) /4 179945 + 21060v/73 1/(648(1368963 + 160225+/73))
85 77491/4 + 4698/17 561085 + 136080/17 1/(60858 4 14760+/17)2
93 150831/4 4 21776+/3 1142505 + 659680/3 1/(118482 4 68400+/3)?
97 | (208227 + 21142v/97)/4 | 1610685 + 163540197 | 1/(648(82547463 + 8381425/97))
133 | 2931819/4 + 168152y/19 | 26555445 + 6092240+/19 1/(2302650 + 528264+/19)>
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O 4.8: Type F-1

N XN YN ZIZV

2 28/3 27/125

3 3 33 4/125

4 5v/2 632 8/1331

6 15 4+ 10v/2 228 + 1561/2 1/(1399 + 988+/2)

7 54 3591/4 (4/85)3

10 135 + 62v/5 2700 + 1224+/5 1/(123175 + 55080/5)

15 | 127545715 | (248325 + 1111114/5)/8 | 128/(5(274207975 + 122629507+/5))
18 | 4065 + 1668v/6 108500 + 44408+/6 27/(125(23604673 + 9636536+/6))
22 | 16659 + 117502 | 490644 + 3465001/2 1/(125(14571395 + 10303524+/2))

4.2.6 Type F

000 Type G, s=1/30000000

(L= Gn*") +2(a(n) — Vak)AEGY —1)  [aazs(n) = Va(A; 5(n))*)(1 +2/3)

z(n) ==

3v3 B cos(7r/3)G1_/132n ’
V1 -Gy /234
= V/n——[(8G2* + 1)V1 -G ?| = —L "
y(n) \/53\/3[( n + ) ] COS(7T/3)G1/132n
() =I5 = G2

—_Z Riz(n)- (Xy+n-Yy)-Za, (N >1)

XN:::n(N), Yn :=y(N), Z(N):=z(N). (4.9)
Type FOO F1O30000000O0O0ODOOO

Type F-1

Xy, Y40 4/300000000000000000000000000

1_Z >
= N Z Rijs(n)- (Xn+n-Yy)- 23, (N >1)

Xy :=V3-z(N), Yn:=V3-y(N), Zy:=z(N). (4.10)

Type F-2

t0oooog

1 oo
o \/—1728 Z Rijz(n)- (Xn+n-Yy) - Z3', (N>7(7), Z%<0)
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O 4.9: Type F-2

N Xy Yn 73

7 24 189 -64/125

11 60 616 -27/512

15 12(5 4+ 3v/5) (63(25 + 13v/5))/2 (32(1415 — 637/5)) /33275

19 300 4104 -1/512

27 1116 18216 -9/64000

35 12 % (145 + 64+/5) 56(575 + 2561/5) —27/(2560(360 + 161+/5))

43 9468 195048 -1/512000

51 60(197 + 48+/17) 504(527 + 128/17) —1/(256(6263 + 1519+/17))

67 122124 3140424 -1/85184000

75 900(143 + 641/5) 360(9729 + 4352+/5) —1/(512(369830 + 165393+/5))

91 60(8537 + 23681/13) 16632(923 + 256+/13) —1/(512(5854330 + 1623699+/13))
99 180(5423 + 944+/33) 3192(9559 + 16641/33) | —27/(2816(104359189 4 181666031/33))
115 | 12(274345 + 122688v/5) |  4968(22325 + 9984+/5) —1/(2560(48360710 + 21627567/5))
123 | 12(488045 4 76224+/41) | 504(404875 + 63232+/41) —1/(64000(6122264 + 956137+/41))
147 | 84(353695 + 77184+/21) | 5544(204125 + 44544+/21) | —1/(192000(52518123 + 11460394+/21))
163 163096908 6541681608 -1/151931373056000

Xy := RE(V=1728 - z(t)),

Yy := RE(V—1728 - y(t)),

Chudnovsky OO OON =163000000

Type F-2’

Type F20000000

1 = .
Y Ei(N) 6 )
Xy= N (1 N)— :
N < Ea(v) 2N = R
Yy ==\ 1728(N = N/Z3); 2} = Eu(N)” — Eo(N)* (4.12)
N -— N/ N — E4(N)3 ) -
Bsf _1—242 "q
n5
Es(N = 00 ¢:= —exp(—aVN).
1
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0 4.10: Type F-3

Type F-20000000 Xy Yy 0 120000
N | Xy | Yn Z3

7 | 2 | 63/4 | -64/125
11| 5 | 154/3 | -27/512

Type F-3

Type F-20000 Xy, Yy 0O 120000000000 [69)0 0000000000 Type F-20000
gboocooobooooooobooon

Z Ryjs(n)- (Xn+n-Yn)-Z¥, (N>17(7), Z%<0)

Xy = RE(V=12-2(t)), Yn:=RE(N—12-y(t)), Zy:=z2(t), t= (

Type F-4

00000000000 Type F-20000000000000000C0O0O[69,68)0000000O00O0O
Type F-2000000000000000000DOOCO0O0ODOOOODDOO

Type F-2, N = 427.

1 = (=1)"(6n)! A+ Bn
B Z (n)3(3n)!  Cnti/2”

A = 212175710912v/61 + 1657145277365,
B = 13773980892672v/61 + 107578229802750,
C = [5280(236674 + 30303v/61)]°.

gogog.

i "(6n)! A+ Bn
— 3(3n)l  CnHl/z
A =212175710912V61 — 1657145277365,
B = 13773980892672v/61 — 107578229802750,

C = [5280(236674 — 30303v/61)]°.

(0 17200000)
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4.2.7 Type G
00000 sO00O0Type A, D, FOOOODOODO0s=0,1/3,1/4,1/6

o0

L= Ry () (V) 0 X (V) - Zy(N)P",
X, () = [ (N) = VRO (D)) o

_VNVI-GIR VR (V)2 - (i(V)2)

)

Yo(N) : cos(ms)

Zy(N) = G, X =2\ (N)XL(N). (4.14)
cos(0) = 1, cos(m/3) = 1/2, cos(n/4) = /2/2, cos(m/6) = v/3/2.

cos(ms)

Type G, s=0

Type AODOOO
Type G, s=1/3

Xy = 331/3(N)a Yy = y1/3(N)7 ZN = 21/3(N) = Gf/132,N = J;rl/z- (N > 1(?)) (4-15)
Type FOOOOOOOOOODOOODOO

Type G, s=1/4

—1

g2 4 o2
Xy =a14(N), Yo = y1a(N),  Zn = 2174(N) = G = <2me> - (N>1(7) (4.16)

Type DOODOOODOODOOODOODOO
Type G, s =1/6

Xy = 1’1/6(N), Yy = yl/G(N)) ZN = 2‘1/6(N)- (N > 1(7)) (4.17)

Ramanujan OO N =4,5000000
DANHJDDDDDDDDDDDDDDDD(4$DDDDSDDDDDDDDDDDDDDDmemﬁn
oooooooo*s

{0000 Type B,C,E0000DOO0O0ODDOOO

500 y=f(z) 000000000 0000 y000000000000 w0000 200000000000000000
000000000000000 200000000000000000000000000000

60 20000 200000000000000000000000 Heng Huat Chan 0000000000000000 [70]0
(000D00000000)00000000000000000000
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O 4.11: Type G, s=1/3

N Xy Yy Z3
2 3/(5v/5) 28/(5v/5) 27/125
3| 2(s/3/5/5) 22(\/3/5/5) | 4/125
4 20/(11+/33) 256/(111/33) 8/1331
7 | 144(/3/85/85) | 2394(./3/85/85) | (4/85)
O 4.12: Type G, s=1/4
N XN Yn Z3
2 2/9 14/9 32/81
3 1/(2v3) 8/(2v3) 1/9
4 (66 + 361/2) /49 (320 — 130+/2)/49 32/(457 4 325v/2)
5 2(v/2/9) 20(v/2/9) 1/9?
6 (108 + 44/3)/363 (960 + 170v/3)/363 (47744 — 27200+/3) /131769
8 (=120 + 184+/2) /441 (—228 + 1408+/2) /441 128/(71604 + 50787+/2)
9 9(v/3/49) 120(+/3/49) 1/2401
11 19/(18V/11) 280/(18V/11) 1/992
14 | (13456 — 1568/7)/29241 | (152320 + 910+/7)/29241 | 256/(81(102376 + 386751/7))
29 2206(1/2/9801) 52780(1/2/9801) 1/99*
O 4.13: Type G,s=1/6
N Xy Yy Z%
2 1/(3v/3) 6/(3v/3) 1/2
3 23 (14 — 3v/12)/2 (—36 + 211/3)/2
4 8/27 60/27 2/27
5 8/(15v/3) 66/(15v/3) 4/125
6 | (3v131+4 16v/6)/125 | 24/18749 + 49141/6/125 | 27(463 — 1821/6)/31250
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4.3 U0OO0OOOOOOOOOOOO

0000000000 Ramanujan OO0 0O0O0OO0O0O00OOCOO0DOOOOOODOOOO

0 410420000000000000000000000000DO00O0OODOOODDOOODOO
goboooboooooboobooooobooboooooooooobobooooooboooboooDDbobOoo
goooooooon

00000 (42)0 ) 00000000000 0.41421356--- 0000000 2 = 1.41421356---0
00+2-1000000000000000000000000a(3)=20.36602540---00000000
ooooooobo

gobboooooooboobooooooboobooooboooobooooo0ooooobooboon
oboooooboO0b0 ooboboooobo

e JO0O0O0O0ODOODOOODODOOLOOODOODOODODOODOODOOOODODOOO
0000C++000000000 LIDIA'0DDOOODOO

e 000D UDDOODO (DLDO)ODOOUODDOODOO

(00O0oO00O00U0O0OU0C0OO0OU0OO)U0O0O00OO(OOODOOLD)0DDO0DODOOUOOUOLOOO
ooo0oooooooooOoOoooog “cobobogo”0Ogooo

000D0a) =v2-10000000022%+ 2z —1=00
00000000000000000000000000000LLLOOO0D0000000

Oo000000OD0O000000O0O0O0oooooooOoOOODO oDoOo UuBASICOOOOOOOO
0000000000 00O0O0OuUBASICOOCOOOOOOOODOOOO0OOCOCOOOO minpol.ub
00o0o0oooooooa 8o

http://www.rkmath.rikkyo.ac.jp/ kida/

000000000000a(3)=0.36602540---0 000000022 +2x—-1=00000000

e NODODOODODOODLODOO

000000000000 22242r—1=00 000000000 z=(+/3-1)/20 2000
00 (+v3-1)/2=0.366025---0000000 +00000a(3) = (V3 -1)/20

Udbz0000 4000000000D0O0O0O0DOODOODOODOODOOODOOOOODOO
oobooboobooosuboobooooooboobooboooboobooboooobooooon
000000000000000 Mathematica 3.0°0000000000000000050000
ooooboobooooobooooon

e JO0I0O0ODOODOOOODOOOOLODODOOOODOODOOOO

e JO0UUOUODUDRamanujan D0 00O O0O0OOD0OOOOOOODOODOOODOO

Good Luck!
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8000000000000 ONiftyServer 00 0000000000000 D0O0O0O0C0O00O0DOOO
9http://wuw.wolfram.com/
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goooobbobdooooooboboodoodb bbb bbbbbuoog

oo oboboobobbobbobbboboddoo LB
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9980001 0 000000000000 0D09980001<23 —10000000000000000O0000O
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1000000000000 (100000—-1)2>23 -1 00000000000000000000000O0O0OO0
000000000000000032it000000004000000001'0

5.2 00O

5.2.1 0JU0O0OOOO

5.3 ULOUOOO

53.1 O0Otan~'000

54 ULOUOODOOODOODLDOOOO
5.4.1 UJU0O0OO0OODOOOOOO
5.4.2 U00O0OOOOOO0OOOOOO

5.4.3 00000000 (FFT)
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el UULUUOUOUOLOOUO

000000000000000000000 O(N)OOO000,0000 Darmstadt 00000 Bruno
Haible 0 0 Thomas Papanikolaou 0 0000 0000000000000 00,0000 O(N(logN)?)0O

000000000 [82, 60].

goboooboooboobboooboobooooooooboooooooboooobooooooag

goooogo.

go,gdobobotdobouoboboobuoobuoobog. boon

ooooognd
oooobod

6.1 DOOOOO

goooboooo

f(k)DDODODODOUDODDODOODOODO LOOOOOO S,0000

S,0000000000O0,0 (64)000000DOO0.

1 1 By 1 B[) B1 1 By B; By
= —A — A
St Co 0001 000102
1
= —(4 A A A
00(0+C(1+C(2+C(3+C
L—1 k—1
[I,= B
- 2:—7%;-A (DDII&:I)
k=0 lli=0 ™! 1=0

o0

S=> f(k)
k=0

4+ 20712y
%a@@3

(A4 + -

O0000. 0000000000000 [82,60]0000

(6.1)
1 By---Br »
— Do Bz g (62
CoCy--Cp_y "7° (62)
(6.3)
(6.4)

000, A4, B,C,001000000000000,B <C,0000.00000000000000
0000oO00O0.O (6.2)000 (64) 0000000000 DOO0OOOOOOD.
00000000000000 tan™!(1/2)000000000000000

A =

gooooo

1, By=-(2k+1), Cp= {

oo s, 000ooooooooooon
0(2)0000000. 000000000 1/Ce00000D00D0O0O0ODOOO0 1000000
0,0000 By/C, OOOOOOOOOD 100000,020000000,0100 B/C,O00000
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(k =0).
(0 < k).



o000 2000000000000000000,000000 A,0000D0O0DOODOOOOOOO
gon

0000 A, B, C,0000

ooooo0oo0 4, B,c0oooooooooooooo.
googo,0oobooobooobooboobooboon.

o0

S=>"fk).
k=0

00,4, 0000000000000000000O0. f(x)OOUODDO0O0O0OU0DODO0O0O0O0OOO0O0OOO
ogooo. 00 A,00000000000000 A, =1000000. 0000OOOoOoOoOoOoOoOg
gbboobOooooooboooobobooooobooon

[k (R <20).
Ak_{k3 (20 < k).

00,000 ¢g(k)00000.

o = £,
0 (62)0000000000
Co = 1/9(0). (63

oooooo C,0000D000000o00ooooooooooooo0g AxOoOoOoOoDoOoOoOoOoo
gboooboobooboobobobooboobooboobooboboon
glk)DOODOOOODODOOOODOO.

0(62)0000000000,B,C0g(k+1)0 ¢g(k)0000.00000000000DOD.

g(k‘ + 1) _ Bk
oB)  Crpt (6.6)

By, Chn 0O0DOO0OO0OODOOODODOOOO.

C,+ 00000000 kKD E+100 k00000 COOOOOOOODODODODOODO k=00000O
0O (6.5 000000000000

00 000000000000,4,00000000 B, C,0000O0O0O.

01 0610 Ramanujan D OO OO,

Ay = 26390k + 1103.

goooooa. (4n)!
o0 = G s
Co = 1/g(0) = 1,
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0610000

Ramanujan 0 O 0

2v/2 i (4n)!  26390n + 1103
9801 £ (n!)1 (4-99)4n

1 1
—1 E k —1

—~

4k+4)!
g(k +1) _ Trmyt i _ (2k + 1)k + 1)(4k + 3)
g(k) B (4k)! B (k+1)3-2-42.99¢

(kD)2-(4.99)%F

goooo.ooono,
By, = (2k + 1)(4k + 1)(4k +3), Cry1 = (k+1)*-2-47 .99
D0000. Gy, 0000000000,
Cr = k*-2-4% .99,

gooo.oooog,

1 (k = 0).

Ag = 26390k + 1103, By, = (2k + 1)(4k + 1)(dk +3), Cj =
g b= ) ) ) G {k3-2-42-994 (0 < k).

goooo.

goo

02 0610 tan'0 TayleOODO,00

Ap =1.
goooooo.
_ (="
90 = a1y o
Co =1/4(0) =,
_1)k+1
glk+1) _ mrmees _ —(2k+1)
- —1)k - 2"
g(k) W (2k + 3)x

goooo.ooo,
By, :—(2k+1), Cry1 = (2k+3)$2

ooooo.Cy,, 00o0o000oooo,
Ck:(2k+1)£l?2

gooo.ooooo,

T (k=0).

Ay =1, Bpy=—-(2k+1), Cp= B
k e=-Ek+1), G {(2k+1)m2 (0 < k).

goooo.
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00 tan=' 0 Tayler 0O O,

0000000000000000000040d,

x k=0).
Ap=(-1)*, Bp=2k+1, C :{

e=(=1) b FTl@k+ 122 (0< k).
ooooo.

goo

Ay, By, C, 0000

(a) 00000
SO Fk), D gk)
k=0 k=0

O000O0DODOD0ODOODODOD A, B, C, 00000000 OOOOO

> (f(k) - g(k))

k=0
000000000, f(k) O A, By, Cr O Ay (s Bis,Cryo 000000
000000000000

Ak r090 = Ak 0 Akg(r Brr0g) = Bir - Brg()r Crr090 = Cror() - Chog()-
oooog -y,

(b) 0OO

0(66) 000000000080 Gy, 00000000000000&000000000()00
00000000 4,B,,C,0000000000000000000000000000000000
00000000C, 00000000000

(¢) ODD0DA,#1000000000000000000 4, 0001000000000O0O

A=Ay, Ag=1. (1<k)
B =By - Agyr. (0< k)
Ch=Co, Cl=C, Ch=Cp-Apr. (2<K)

00000000000000000000 A,B,,C,00 (63)0000000000A4,0 400
g1goooogn

! ! ! ! ! !
5= ghtgataaatacaat
_ iAO n LBOAI LBOAI B1A2 n LBOAI BlAQ BQA3
Co Co Ci Gy Ci CoAr  Co Ci CrA; O34,
_ iA 1 B()A1 L= 1 Bo B1A2 n 1 Bo B1 B2A3
Co C’O Cy CoCy Oy Co Cy Cy Cs

0(6.7)00 (6.3)0000

(6.7)
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0o (1)

064 00,A4,000000000.

oo, 0o0oo00boogo,0db py,oobob0ooboobboooobooobboobooooboooboDooO
00000.tan"' 000000

L-1 k—1
[l B 1
Sp=) TEL—o (6.8)
im0 1li=o €7 k

bo0oooo0o0oooooooooooono ¢~;;00000000000000000A0.

6.2 DOOOOO

0 (6.3) 0 Ay, B, C, 000000 (69000 R, 00000 (61000000 2, ¢, “» 00000
0000000l

R, = Cik(Ak + Bi(Rg+1)) (6.9)

= [Ak,Bk,Ck] : Rk—i—l (610)

00 (6.2)0 LOUOOOO S, 00R,=000000 RROUODOOO (63)0000000O0OO0OODO
oooooooon

1 1 1 1
S3 = —(Ao+ Bo+ = (A1 + B1 - (A2 + By - =~ (A3 + B3 - 0)))).

C() Cl 02 03
1 1 1
S3 =Ry = —(AO + B[)Rl), R, = —(A1 +BlR2), Ry = —(A2 + By - 0) (R3 = 0)
Co Ci C
|:||:|[Ak,Bk,Ck]D¢iDDDDDDDSLDD(6.11)|:||:||:||:||:||:||:||:||:||:|
SL = [Ao,Bo,Co] . [Al,Bl,Cl] L [AL—I,BL—l,CL—l] : RL, (RL = 0)
= Po:pr o dr—1:0. (6.11)

OO0 R0 Ry 0O000ODODOOOODDOOO

Ry = or: dpt1 : Rigo,
= ¢ (Pk41 t Rita), (6.12)
1
= ¢k (m(AkH + Bjy1Riq2)),
1
= C_k(Ak + Bk(0k+1 (Ags1 + Bry1Ri42))),
1
= m((Aka+l + BrAgy1) + (BrBry1) Riy2),
= [AkC’k+1 + BkAk+1,BkBk+1,Cka+1] t Riya, (6.13)
= (fk: Pr+1) : Riyo. (6.14)
lgoo [60]000 %, 4?0000 47, %” 00000000000000000000000000000
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0 (6.13)0 (6.14)0000

(Bk : Prt1) = [AkCry1 + BrAgy1, BrBri1, CrCrya]-

OO00000000DO000000 ¢, o 00DODOOO0DOOOO
ocooooooooo«rooobobo0o200000000000000

([a,b,c] : [A, B,C]) = [aC + Ab,bB, cC].
000(6.12)0 (6.14) 000000000000 OOOOOOOOOOO
Gk = (Pra1 : Rere) = (Pk : drg1) @ Riyo.

goooooooooooboooooo «@»pDO0O00000ODDODOOOODOODOOUOODDODOO
gboooboooboobgoobooboo

SL = ¢o:01:02:03:04:0
= (do:01):(p2:3):¢4:0

G0 : (f1:h2) : (3 :¢a): 0
00 000000000000 (¢: 1) # (¢1: do)-

OO0000000¢, 00020000 Tree00000D0DOODOO20000000000000 OO
000 TreeDDO OO lognO00D0D0O0O00222000000000

Ss = (((¢o: ¢1) : (P2 :93)) : ((d1: b5) : (96 : ¢7))) : 0

O #«/6=sin"'(1/2)00000000.000,0000000000000000000000000.

- —11_ = (2n) . 1
St :U_kZ:O 220 (2 + 1)a2nt+l’

Ay =1, Br=(2k+1)°, Cr= {2k(2k+1)x2 (0 <Fk).
6 = s
- = (A0+C (A1+C (A2+c (ot

Cy
1 1 9 25 49
= (1 T+ (14— (14— (1+---
s+ 5+ g+ gl + 51+

Sg(=n/6)00000000000000O0O0O0O0OO0O0OOOOOOUODO

(A4 + -

Ss = [1,2,1]:[1,9,24] : [1,25,80] : [1: 49,168] : [1,81,288] : [1,121,440] : [1,169, 624] : [1,225,840] : 0,
25,9,48] : [193,1225, 13440] : [521,9801, 126720] : [1009, 38025, 524160] : 0,

337737, 11025, 645120] : [282976569, 372683025, 66421555200] : 0,
22436136605255625, 4108830350625, 42849873690624000] : 0,

= 22436136605255625,/42849873690624000,

= 0.52359866372639707619 - - -,

[
[
[
[
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T =6-Sg = 3.14159198235838245714 - - -.

gobooboooooo,oboooobooobooboo,00booobooobooooboOo,00o0oo
gbooooobooooboob 2000000000000000.

00o0oooo 4/, 0000000000000 oooo

0000000000000 o0o0o0oU0o0oo0oO00o0oUo0ooDoO0 /20000000 20
gboooboooooboobood

goo

6.3 04U

0D000000000000000000
0D000000000000000000000 N=2"00000 000000000000000
000000000000 00000000000000000000000000000000000
0DO0O0000O0oo0ooo

Aw,By,C, 000000 LOOODO

KOODD 2000000000000 O(M(K))0OOO100000000400L000000
00000000000 00000000000000000

00000000000 00000000

000000000000000000000000000 1/20000000000000200000

e 00020000000000(M(L)O0O0O0
e 00040000000000(2 M(L)+M(2L)0000

e 000 8O0O0DD0DOOOOM4-M(L)+2-M2L)+ M(4L)) D000

n—1
1 . .

o (1000 2”DDDDDDDDDO(§E 2”_’-M(2lL)>|:||:|EI|:|
i=0

OD00DKDOODOODOO0D00000 M(K)=K>00000000
L= iy MK . 2K
_E on—i(gtr — 2t — (97 — 1
2 P ( ) 2 P 2 ( )7

= 0((2"- K)?) = O((N - K)?).

KOOOOOLOOOOO0ONOOOOOOO O((NL)?)O
000MK)=Klog,(K)0DODOOOOOO

1 n—1 ) ) ) o n—1 )
5 D 2n (27K log, (2'K) = 5 > log, (2'K),
i=0 =0
n—1
2K ;
= Z(log2(2 ) +log,(K)),
=0
on n—1 .
= — > (i +logy (K)),

=0
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= 2n2K (n log,(K) + n(n2— 1)> )
= 0 %(nlogﬂf() +n2)> )
= O(Nlogy(N)?-K). (n=log,(N))

000000 NOOOOOOO O(NL(log N)2)O

(0D? 00000 O(N(logN)»)0OD0OO0OO0O0O0O0O0O0O0O0O0O0OO0O0O0O0OOOOO0OON)
0000000000000000O(N?)000000000000000000000((NL)?)0 O
00000000 O(Nlog(N)(ODDO FFT)0O0O0000000000000000 ONL(logN)?) O
ooo

00 (2)

oooOoooooo00 4, B, C,O00000D0DODOODODOODODOOO
gbooobobooooobooooooob. cobobooog.

S = ag+apay + agaias + apaiasaz + apaiazasay, (6.15)
ao
- ar (6.16)
1-— a5
1 +ap — as
1+a3 —
s 1 + aq

000 A4,=100000000000000000000000

5_i+i@+1%& 1 By By B»
L= Co T CCL T CyCiCy T CoCL Ty Cs

0 (6150000000

1 By By By Bs
= = = = 6.17
Co’ “ Cy’ 2 Cy’ a4 ( )

0000ooOo (e.l6)Do0oO0o0oon

ag =

1/Cy
S =
1_ By /Ch
B,/C
1+BO/C1_ 1/ 2B2/03
1+ By/Cy — — 2L
1+ B;/Cy
gooogoo .
S:C CoBo . (6.18)
0 C\ B,
Cr+Bo - o5
Cy+ B; — CsB;
C3+By — ——
3+ Do Cit Bs
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gooood
00 A, 21 00000000000000 A,0DO0O000 A, =100000000000. 000

goooo
Ao | Ao BoAr | Ao BoAi B1Ay | Ao BoAy BiAs B2 A3

T Co " CoCidy | Co Cidy CoAr | Gy Cidg Cody Cady |
0 (6150000000

St

AO B()Al B1A2 B2A3 B3A4
= a1 = — Ay = ————— Ay —= ————— as = R
LT 04y TP T 0,A; TP Ay YT CuAs

00O000 (6.18)000000
B! = ByA;, B! =B;A,, B,=ByA;, B,=BsA,.

Cl = Co/Ao, C)=CiAs, Cy=CsAr, C4=Cs4y, C)=CyAs.
00 A}, B,,C,00 (6.18)00000 A, B, C, 000000000000,
1

S =
Co/Ap)BoA
(Co/Ao) ~ (MO)&ZBA
0D1A2
ClA[) + BOAI - CQA1BQA3
02A1 + B1A2 - 03A2B3A4
Coa - Bodls = G s
agoooo,
Ap
S = o A1 ByCy
o — A4, B,C
AoCy + BoA, — — 1AlAB C
14130202
A102 + BIAQ - A2A4B3C3
ACs + Bols - o m B,

0000000000,0000 4, B, C,00000,0000000000
00 (2000/2/18): 0000000000000 O0O0 [57]00000

6.4 Ak,Bk,Ck,SLD [l

gobooooobboobooobbooooooooooboobooboooo200b0b00b0O0B0b0DOO
oo

k!

0000000 0000000000000 p+¢+---+t=k00000000000 k!/(plg!---t)0O
gdbgboobooboobobboooboobobbobbobooobn

(a) 2000
L-1
2k
SL:Z(k)’
k=0
1 (k=0
Ag=1, Bp=202k+1), Cp=
k =202k +1) k {k 0<k



(a) 2000000

Ay =1, By=(k+1), C’“:{;(Qk—l) (0:2).
(b) bt s
Sr = k; <k> :
Ay =1, Bp=(202k+1)% Cp= {,193 EISZZ;
() o
L= 192:% &)+

OO0 k+k+k+k=4k00000000O0

(d)

L-1

_ (6k)!
S1=2, (3k)1(k1)?’

k=0

A =1, By =8(6k+1)(6k+3)(6k+5), C)= {k3

OO003k+Ek+k+k=6k000000000

() L
— (2R)!(3k)!
SL - Z (k:')5 )
k=0
1
A =1, Br=6(2k+1)3k+1)3k+2), Cp= {k3
(2K)!(3K)! _ (2k)!  (3k)!
Doo ZHER - GV G 0pooo0000
()
L—1
Sp = Z(_l)ka
k=0
AkEl, B =-1 CkE]. ogoood AkE]., B,=1 Ck:—]..
(g)
L—1
Sy=>Y «* (z00000D)
k=0

A =1 Bn:{l k=00 " 0 =1
k=1, k 1’2 (0<k)7 k=1
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(h) .
= 1 (k=0)
Sy, = Wk (z,y000000) A =1, Bn—{ , Cp=1
- ,;x (@ ) A ET e o<k
(i)
L—1 1
SL:ZW’ (x000000)
k=0
1 (k=0).
Av=1, By=1, Cp=
6)) .
1 1 (k=0)
Sy = 000000) Ay=1, By=1, Cp=
g zWk)’ (@.y ) A ’ k rok {my (0 < k).

0

B
I

(k) DOOUODOODOOODOOOOOoo

L—1
K
SL:leer, (r,y000000) Ay=gzk+y, By=1, Cp=L

k=0

(1) Ramanujan 0O 0000
1 2v2 & (4n)! 26390n + 1103

T 9801 2 ()i~ (4-99)4n

n=0

gbooooboooog

P(n) Q(n) R(n)
—N— e e

1 2v2 = (4n)! 26390n + 1103 1

™ 9801 nz:;) () 1 @99yt

1 (k=0).

_ _ 1 (k=0).
Arro =1, Brro=1, Crpro= (4-99) (0< k).

gooooooooo
1 (k = 0).

Ap = 26390k + 1103, By = 8(2k + 1)(4k + 1)(4k +3), Cp =
g b =8( ! ) ) G {k3-(4-99)4 (0 < k).

ooooo
1 (k = 0).

Ap = 26390k + 1103, By, = (2k + 1)(dk + 1)(4k +3), C) =
k * b=k DR+ 1)k +3), O {k3-2-42-994 (0 < k).
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O 7.2: Mathematica 3.0 0000000

RE(z),IM(x),i

sin(z), cos(x), - - -, log(x)

n!,n!!

Sum[f [n],{n,s,e}]

Product[f[n],{n,s,e}]

Sum[f[n],{n,s,e}]

Binomial [n,m]

Pochhammer [a,n]

HypergeometricPFQ[{...},{..

RE[x], IM[x], I
Sin[x], Cos[x],..., Loglx]
n!, n!! (0O)

N d

74 0OO0ood

AGM O000O0OO0OOO

oo

goo

ooo

goo

oood
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gboooboboooooboooooooo
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O00000000000000000000000f(r)D00000000OO
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DDDDDDDDDDDEtan‘I%D n000000°20000000000M00000000

Otan~' - 00000 O(n*)0

goboobooooooboooooobooog

00 tan~!(1/5)0 100000000 10000000000

0(10%) = C - (10%) = 1]0]
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gogobbuooooboooobobbooobbbooobboooobboobbbooobbo
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oooobooon
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m
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0000000000000 0000O00O000Oo(@UUoo0ooDooooUooOoUOon)

nl: 00O
goooooooo
nl=n-(n—1)-(n—2)---2.

21=2,31=6,41=24,.-- 00000 0l =11=1.

70



nll: 0000
gogoooobood
n”:{n-(n—2)-(n—4)---2 :n000000.
n-n—2)-(n—4)---1 :nO000000.
000oo (- =0!=1ll=10

(a)n: Pochhammer 00

m—1

(a),, = H(a+n):a-(a+1)-(a+2)---(a+m—1).

n=0

00000 (a)y=1,(1),=n0000000000000

i 1an+b b a+b 2a+b (m—1lla+b
a a a '

(). =G,

=0

3

googno

Cj:mmmm

gbooboobodroobibodn0O0nOd

<n> n(n-1)-(n=2--(m-r+1)

r r!

n

> (l
VFi(a;b;2) = 2: 'T' (000OoOoO0o0o)
:0

n

o0
z .
oFi(5a;2) =) (@] ZqILIEIO 1Fi(ga32/q) -
n=0 ne

QEWﬁmw)ZEZQEQh'?n

— (a)n(a2)n - (ap)n 2
qu(m,ag---ap;b1,bz,---bq;Z):2::(bl1 (bj) . Tl

log(1 + )
- .
obooboobooboboboobooobooboobooo

oF (—p, 1;1;—2) = (1+x)P. F(1,1;2;—2) = lim 2Fi(1,n;1;2/n) =e”.
n—oo

gobooobobooooboooobooooboonD R, 0O00OODOODOODO

71



i: 0000

RE(X): 00D XUOUOODDOODDORE(X)DDOODOD
IM(X): 00O :X0DOOOOOO0OO/M(X)OOOOooOooo
X:ooooo

exp(z): 0000
00000 exp(z):=e*00000000000000000OEulerd000O0

exp(xi) = cos(z) + i sin(z).

ooooboooon

7.6 UO0UOouUooognd

gobooooboooboooboobooobooobooobooooboobooOooboooooboog
gobobobobooboboboooooooboboboboooboboboboooboboboboo

7.6.1 0O0OOO

n!-2"=(2-1)(2-2)(2-3)---(2-n)=2-4-6---(2n) = (2n)!.
n=0—1 n=1—-2 n=2-32-4, n=3—-2-4-6.

4000000
nl A" = (4.1)(4-2)(4-3) - (4-n) =4-8-12--(2n).

n=0—1 n=1-4 n=2—-4-8, n=3—-4-8-12.

_ 5-(6)---(2n—1)-(2n)
nl-2n 2:4-6---(2n)
n=1-1 n=2-1-3, n=3—-1-3-5.

=1:-3-5---(2n—-1)=(2n —1)IL

7.6.3 000OO/O0000

Gm o ea)t (20! 1 1:3:5--(2n—1)  (2n—1)!!
22n  (pl)2.22n  pl.2n pl.2n o 2.4-6---(2n) (2n)!
1 1 1-3 1-3-5

72
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